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This is a study of the about structures in one-dimensional cel- 
lular automata, with the elementary cellular automaton Rule 54 
as example. It uses the formalism of "flexible time" to derive 
expressions that characterise triangles, gliders, and and periodic 
background patterns like the ether. 

A theorem is derived about the existence of simple triangles in 
one-dimensional cellular automata and their dependence on prop- 
erties of the transition rule of the automaton. For Rule 54, expres- 
sions for its triangles, three of its gliders and its ether are found 
and used to look into their behaviour in detail. 
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1 INTRODUCTION 

The formalism of "flexible time" was invented in order to find and describe 
structures in the behaviour of cellular automata. This paper contains results 
that are motivated by the behaviour of a specific one-dimensional cellular 
automaton. Rule 54. 

Well-known structures in the behaviour of one-dimensional cellular au- 
tomata like Rule 54 are the ether, a periodic background pattern, and gliders, 
which move in the ether with constant speed (Figure 1). But the basic build- 
ing block for both of them are the triangular structures that are created by 
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Figure 1 

Periodic patterns under Rule 54. The diagram shows three types of ghders on an ether 
background. Time goes upward. (Since Rule 54 is symmetric, and ut' are viewed 
as variants of the same particle.) 



a sequence of cells in the same state (Figure 2). Triangles are a common 
structure of many one-dimensional cellular automata. 

This paper has therefore two main parts. Section 2 concentrates on tri- 
angles and one-dimensional cellular automata in general. The formalism of 
flexible time is clarified and developed further, based on [2], and a sufficient 
condition for the existence of triangles is proved. 

Section 3 is more exploratory in nature. The results of Section 2 are ap- 
plied to Rule 54 and, using it as an example, expressions for periodic back- 
ground patterns and for gliders in the formalism of flexible time are found, 
both in the specific case of Rule 54 and for cellular automata in general. 

2 REACTION SYSTEMS AND TRIANGLES 
2.1 Cells 

The theory of one-dimensional cellular automata is about the behaviour of 
cells that are arranged in a line. Their position on that line is an integer, and 
since time is discrete, time is an integer too, and each cell has a finite number 
of possible states. 

So before cellular automata can be formally defined, we must define cells. 

Definition 1 (Cell). Let T,be a finite set. A cell is a pair {p, cr) S x S. Its 
position is p and its state is a. 

In this context p is a space-time point and is understood as a pair {t, x), 
where t is the time and x the space coordinate. 
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In this article, a cell is an object that exists only for one moment, at a 
specific site and at a specific time step. At the next time step a new cell is 
created. Therefore that what we call here a cell will in other texts be viewed 
as a "cell-at-a-time". I have chosen not to follow this convention because the 
notion of a cell-at-a-time is more important and will be used here more often 
than that of a cell-over-many-timesteps. 

In a cellular automaton, the behaviour of the cells follows a global rule. 
To describe its effect we take a step backwards and consider systems which 
the cells do not need to follow a law. Such systems are called here cellular 
processes. 

Definition 2 (Cellular Process). A cellular process is a function -k: D ^ T, 
with D <^7?. The set D is the domain o/tt. 

The proposition "7r(i, x) = a" is interpreted as "The cell at position x and 
time a; is in state a". 

Finite processes will be especially important here, much more than those 

with domain 1? . 

2.2 Cellular automata 

The behaviour of a cellular automaton is given by its transition rule, which 
maps the states of the neighbourhood of a cell (consisting of the cells r posi- 
tions to the left and to the right of it, and the cell itself) to the state of the cell 
one time step later. 

Definition 3 (Transition rule). Let T, be a finite set and r > an integer. 
A transition rule of a cellular automaton with radius r and state set S is a 
function 

(p: S^'^+i ^. E. (1) 
In this article I assume that ip is not a constant function. 

Next we define which cellular processes describe the behaviour of cells 
that follow the transition rale (p. 

Let p The set { p + (0, i) : — r <i <r} contains its neighbouring 

points, and p + (1, 0) is the point one time step later. If the cells in a cellular 
process tt follow the transition rale ip then the state of cell at p + (1, 0) is 
determined by p and the states of the cells in the neighbourhood of p. 

This neighbourhood may be partially outside the domain of tt and contain 
cells whose states are unknown. Nevertheless the value of p appUed to this 
neighbourhood may be known - if the value of p> is independent of the values 
of the unknown cells. 
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Therefore, in the following definition, we use the set N„{p) of all possible 
neighbourhoods of a point p, given the information in tt. 

Definition 4 (Cellular Evolution). Let n: D ^ Y, be a cellular process and 
ip be a transition rule for S with radius r. For every p ^1? define 

iV,(p) = {(z._,,...,z.,)GS2'+i: 

ifp + (0, i)€D then Vi = 'k{p + (0, i)) } . (2) 

The cellular process n is consistent with ip if 

n{p) = (p{w) for allpeD and w G N^{p - (1, 0)) . (3) 

It is closed under tp if also p G Dfor all pfor which { (p{w) : w G Nt^{p — 
(1, 0)) } has exactly one element. 

If there is a closed process that contains n as a subset, then the smallest 
such process is it, the closure ofn. 

We view a cellular automaton as a kind of machine and the cellular pro- 
cesses as partial views of its possible behaviours. The following definition 
expresses this. 

Definition 5 (Cellular automaton). The cellular automaton CA{ip)for a tran- 
sition rule If is the set of all cellular processes that are consistent with ip. 

This definition has the advantage that GA{p) does not change if the radius 
of is artificially extended to a larger value r' > r: If we define a new tran- 
sition rule by ip'{a-r', ■ ■ ■ , <Tr') = v{<^-r, • • • , Cr). then CA((^) = CA(y>'). 

2.3 Cell sequences 

As an intermezzo we introduce now some definitions about spatially extended 
sequences of cells that we will use later. All except the last are nothing new. 

Definition 6 (Cell sequences). Let Tibe a set of cell states. 
Let s G E^. We call s a cell sequence of length L 
We write the length of s as \s\. 
The set of all cell sequences is S* = U^>o 

We identify cell sequences with functions s: {0, . . . , |.s| — 1} — >■ S. Then 
s(0) is the first component of s, s(l) the second, and so on. 

We may write sasa product of elements ofE: s = s(0)s(l) . . . s(|s| — 1). 
Let 0<i<i-|-fc<|s|. The subsequence of s with length k starting at i 

is 

Si:k = s{i)s{i + l)...s{i + k-l). (4) 
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2.4 Situations 

The formalism of Flexible Time [2] is motivated by the idea that it is easier to 
find patterns in the evolution of cellular automata if one considers structures 
that involve cells at different times. These structures are called situations. 

Definition 7 (Situations). A cellular process s: {p + {0,i): < i < i} ^ 
E, with p & I? and £ > is a segment ofi cells starting from p. Segments 
are compatible if their union is a function. 

The segment s has a size 6{s) = p + {0, i), i. e. d{s) is the point right of 
the last cell in s. The time component of5{s) is 5{s)t, the space component 
is 5(.s)a.. 

A situation is a finite sequence of compatible segments. Situations are 
compatible if their segments are compatible. To s = (sq, • • • > Sn) belongs a 
cellular process 

7I"s = [J Si . (5) 
iei 

The size ofs is the size of its last element: 5{s) = S{sn). 

It is possible and useful if segments overlap. Segments with length i = 
are also possible. 

For situations we will use a notation that expresses the distances between 
the segments instead of their absolute positions. 

Definition 8 (Notations for situations). Let s be a segment ofi cells starting 
from p with s{p + (0, i)) = ai. It is written 

[p]ao ■ ■ ■ (Te-i . (6) 

A situation s = (.so. si, ■ ■ ■ Sn) with Si — [pi]wi is written 

\Po\wq\Pi - 5{sq)\Wi,. . . , [p„ - 5{Sn-l)\Wn ■ (7) 

The empty situation is A. For \(t, x)] we write [f, x],for [0, x], \x\. A term [0] 
at the beginning of a situation is generally omitted. 

For cellular automata with radius r we use the abbreviations 

e = [-L-r], ©=[l,-r]. (8) 

The notation (7) is a special case of the product of situations. 

Definition 9 (Product of situations). Let s = {\po]vo, . . . , [pm]vm) and t = 
{[qo]wo, ■ ■ ■ , [qn]wrn) be two situations. Their product is 

St = {\po]vo, \pm]Vm, [QO + S{s)]wq, . . . , [g„ + S{s)]Wm) ■ (9) 



5 



The product exists if ([r/o + (5(.s)]w;o, . . . [9,1 + (^(.s)]wm) is compatible to ,s. 
With the product we get the usual notations related to it, hke exponentiation, 
Kleene star, and so on. 

2.5 Reactions 

The evolution of a cellular automaton is described by reactions. A reaction 
is a pair of two situation a and b, written as a —> 6, in which b represents 

a "later" state of the automaton than a. We will describe the behaviour of 
a cellular automaton by a small set of generator reactions between a small 
number of cells and from the reaction system generated by them. 

Definition 10 (Reaction system). Let be a transition rule. 

A reaction for ip is a pair (a, 6) of situation for where ita exists, ita 2 T^b 

and S{a) = S{b). 

If (a, b) and {xay, xby) are reactions, then we say that {xay, xby) is the 
result of the application of {a, b) on xay. 

A reaction system /or is a pair ($, —>■$), where $ is a set of situations 
for and the binary relation ^$ C $^ is a set of reactions for ip that is 
transitive, includes the identity and is closed under application, e. 

if a — >■$ b and {xay, xby) is a reaction with xay G then 
xay — xby and xby G 

If the context is unambiguous we write — as — ?■ and speak simply of "the 
reaction system $ ". 

The condition 5{a) = 5{b) ensures that in the application xay — xby of 
a ^ b the factor y designates the same cells in xay and xby. 

Definition 11 (Generators). Let be a transition rule. So and s be two sets 

of situations for ip with So C S, and G a set of reactions for ip. 

The reaction system generated by S and G, {Sq,S;G), is the smallest 
reaction system {^,^<s>) for ip with So C $ C 5, which is closed under 
application of reactions from G and and also closed under factoring, i. e. 

if xay e $ then o e (10) 

We can work with — = {Sq, S; G) in a purely algebraic way, with- 
out needing to check whether tto exists for every a € because of the 
following lemma. 

Lemma 12. Ifiia exists and [a, b) is a reaction for ip, then tti, exists. 
If xay exists, then tTo exists. 
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Proof. Both propositions follow from the fact that if ir exists and il^ C-it, then 
ijj exists. 

In the first case we have na ^ ni, since (a, b) is a reaction for ip, and 
therefore ni, exists. In the second case 'JT[s(x)]b ^ ^xay. and 'fc[s{x)]a is a 
shifted version of TTa . □ 

2.6 The slow reaction system 

The following reaction system is a relatively straightforward translation of a 
transition rule into the language of reaction systems. The core of the system 
are the reactions (llf) and (llg); the rest is needed for bookkeeping. 

Deiuiition 13 (Generator reactions). Let (pbea transition function for S with 
radius r. The set G{ip) consists of the following reactions for all u,v £ T,*: 



uv — > u[0]v, (11a) 

u[0\v^uv, (lib) 

u^u®eu if\u\=2r, (11c) 

eu® [\u\ - 2r] if\u\ < 2r, (lid) 

u[— — >■ M, (lie) 



eu £7 e ui:|„|_i if(p{ux) = aforallxei:'^''^^~^"[ (llf) 
ue uo:|„|_i 0- ififi{xu)=aforallxeT,'^'"^'^~^'^^. (llg) 

The reactions (11a) and (lib) will often be used implicitly, to split a seg- 
ment of a situation in two parts so that another reaction can be applied to 
it, and to unite them afterwards. The visible effect of the reactions (11c) 
and (lid) is to create and destroy and symbols. The destruction reac- 
tions (lid) remove also cell states that cannot be used in another reaction. 
To simplify overlapping segments that may occur in this process we need 
another bookkeeping reaction, (lie). The reactions (llf) and (llg) finally 
introduce new cell states; others are removed from the situation to which they 
are applied, such that it still can be written with E, © and 0. 

But we first need a proof that they are actually reactions. 

Theorem 14. The elements of G{(p) are reactions for ip. 

Proof. Let a — > 6 G G{(p). One can see that always S{a) = d{b) and that na 
involves only cells from the same time. Therefore tto exists and we only have 
to check whether nhQ^a- 

In (lla), (1 lb), (1 Ic) and (1 le) we have TTf, = TTa, and in (lid) we have 
TTft = 0, so the condition in trivially true. 
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For (1 If) note that TTf, \ tTq = tTo-. So we need to show that -Ka- C in 
order to prove that tt;, C tto. We have 

iV^^(-l,0) = {^{ux): X G E^-^+i-l^l } (12) 

and ifiw) = a for all w e Ar^„ (—1, 0), therefore (0, 0) must belong to the 
domain of and 7ra(0, 0) = a, which proves that (1 If) is a reaction. 

Reaction (llg) is like (llf), except that left and right are exchanged and 
it is shifted one time step to the future - so a mirror image of the previous 
argument will work for it. □ 

The reaction system generated by G{ip) gets its name from the fact that its 
generator reactions create at most one new cell at a time. We will use it in the 
next sections as building block for a faster system. 

Definition 15 (Slow reaction system). Let ip be a transition rule for S. The 
system -)•) = (E*, (E U {e, ©})*; G(<^)) is called the slow reaction sys- 
tem/or ip. 

Both in terms of the size of the set of its situations and the set of its reac- 
tions this system Ues between the systems $ and ^ defined in [2]. 

2.7 Triangles 

We now search for reactions of larger structures. At the present stage in 
the development of the theory we concentrate on structures generated from 
periodic sequences of cells. If x is a situation then the situations x'^ behave in 
a regular way, at least if fc is large enough. The following definition captures 
this phenomenon for cellular processes. 

Definition 16 (Triangle). Let n bea reaction system. Let xbea situation for 
</5 and fco > such that for every k > ko the process -k^k is finite. Then the 
set { TTj-fc : k > ko} is a type of triangle processes; its elements are triangle 
processes. 

If n^k is finite, it has a triangular shape, as the number of cells whose 
states are determined from the information in x'' becomes smaller with time: 
Figure 2 shows an example for Rule 54. It also shows a triangle reaction 
which traces the boundaries of the triangle process: the initial situation of the 
reaction is the base of the triangle, and the end situation contains its other two 
sides. It is actually a product of two terms, one for the left side, written with 
elements of E and © signs, and the other one for the right side and written 
with elements of E and Q signs. 
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This is a general phenomenon, and we capture it with the following nota- 
tion. 

Definition 17 (Slopes). Let S be a set of situations. An element s S is a 
positive slope iffor all factorisations s = S0S1S2 we have S{si)t > 0. It is a 
negative slope if always S{s\)t < 0. The subset of all positive slopes in S is 
5*+, that of all negative slopes is Their intersection is Sq 

We use the convention that elements of S- and S+ have + or — as indices, 
so that a typical element ofS- has a name like s_. 

With it we define triangle reactions in a general context. 

Definition 18 (Triangle reactions). Let ^ be a reaction system. Let ko > 0, 
m > be integers and x € a+, y+ e & e $ and a_, ?/_ G be 
situations. A set of reactions 

T = { a+vlhyta- : fc > } (13) 

is called a type triangle reactions for x if none of the reactions in T can be 
applied to b. The elements ofT are called triangle reactions. 

^km+ko fijg ]-,j^gg of the triangle, y'L and y\ are its sides and a_, a+ and 
b are its corners, b is also called the end of the triangle, x is a base term of 
the triangle and y_ and j/+ are its side terms. 

In the case of a+ = j/+ and a_ = (13) can be written as 

y^l^fem+feo ^^yfe^fe. ^> (14) 

In it, y+ and y_ are both comer and side terms. 
2.8 Existence of triangles 

We wiU consider here only the simplest kind of triangles, those where a; is a 
single cell. Then we can pose also restrictions on the other parameters of the 
triangle; this will allow to deduce the existence of triangles from properties 
of 

In this section ^p is always a transition rule for S with radius r and $ the 
slow reaction system for ^p of Definition 15. 

Definition 19 (Simple triangles). A triangle process ir^k is simple ifx € E. 

A triangle reaction x'^'^+'^o — >■ a^y'^by'ta- is simple ifko > 2r, x G S, 
b eT,'^ with k>l and 

a+,x+ e {s® : s e ^+}, a-,x- € {Os : s e . (15) 
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If a triangle reaction is simple then in its result a+y^hy^a^ the "latest" 
cells are completely contained in b. We require that ko is at least 2r because 
then the cells on both sides of the triangle cannot influence each other except 
at its end. The triangles in Figure 2 are simple. 

We start the existence proof for triangles with a definition and two lemmas 
that connects the existence of certain reactions with properties of (f. 

Definition 20 (Contraction Parameters). Let a G E and ip(cr^'^'^^) = r. 
Let CL(cr) and CFi(cr) be the largest integers such that 

TTiecontractionparameterso/crarecLCcr), CR(cr) andc{a) = ci,{a) + c^{a). 
Lemma 21 (Values of the contraction parameters). Let cr G E. Then 

\cL{cr)\<r, \cn{cr)\<r, \c{a)\<2r. (17) 

Proof. From (16) we see that — r — 1 < ci^{<t) < r. But the case cl((t) = 
— r — 1 can only occur if ip{w) = t for all w. But then (p is constant, which 
was excluded. The same reasoning is valid for cr. □ 

Lemma 22 (Contraction parameters and reactions). Letr = (^((7^''+^). Then 
$ has the reactions 

^CL(a)+r+l^ ^ ^CL(a)+r 

Proof. The reactions in (18) are derived from the generator reactions (llf) 
and (llg). The only open question is whether the exponents of cr are all 
normegative. (Otherwise the situations involved do not exist.) But this follows 
from the restrictions of the contraction parameters in Lemma 21 . □ 

Next we look for reactions that reach over only one time step, but can be 
indefinitely extended spatially. 

Definition 23 (Layers of a triangle). Let a, t €T,. A set of reactions 

{ a^L(a)+r 3 ^k-c(a) Q ^CR(a)+r . > fc^ } (I9) 

is a (cr, T)-layer with minimal width fco. 
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Note that (5((t'=l('^)+'^©)^ = CL(cr) and 5(eCT'=«('^)+'')rr = cr(o-); with 
this equation the vaUdity of (19) can be easily be checked. It is from (19) that 
the contraction parameters got their names: they show how much shorter the 
T-sequence of a {a, T)-layer is than the cr-sequence. 

Lemma 24. For each a G T, exists a {a, ip{a^'^~^^))-layer with minimal width 
of at least 2r. 

Proof. Let r = <^((t^'"+^). With Lemma 22 we have 

a^r ^ ^2r ^2r 

_^ (jCL(o-)+r- ^r-CL(o-) ^r-CR(<7) q ^CK{c)+r 

^ p.CL {a)+r ^2r-c{a) q ^CR(a)+r (20) 

Let now k > 2r. Then we have 

Cr*^ uCL(o-)+r ^ ^2r-c{a) q ^cr ((T)+r+(fe-2r) 

® ,-fe-c(<T) Q ^CR(a)+r_ (21) 

□ 

The following theorem covers the simplest case of triangles in one-dimensional 
cellular automata, especially the triangles in Rule 54. 

Theorem 25 (Existence of simple triangles). Let {ai)i>o be a sequence of 

elements ofT, such that ip{(y1^'^'^) = crj+i and c{ai) > for all i > 0, and 
such that Gi = Gi+pfor i > io- If 

^''"'cK+p)>0 (22) 
then i> has a simple triangle whose base consists ofao. 
Proof. For every i exists a (<Ji , (Ti+i )-layer with the reactions 

^ ^c.ia.)+r ^ ^n-c(a,) ^ ^ca(a.)+r ^23) 

If n is large enough, then there is another layer reaction that starts with 

'^r+i^*^'^ ''' which another reaction of type (23) may be applied, and so on, 
until the resulting cell sequence is too short. The resulting reaction, starting 
at ct" and running over £ steps, is 

a?^s+{t,£)a^;^'^''>s.{t,£). (24) 
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Here we use the notations 

5+(i,^)=n;.!rK"^'''^^''®)' (25) 

^-(*'^)-n^=.+,_,(e-r''^^+") (26) 

for the sides, and 

c{i,£) = y^'''~\{aj) (27) 

for the length of the resulting cell sequence. 

Reaction (24) is already something like a triangle; we must show that it 
becomes ultimately periodical and that there is for every i a value of £ such 
that to the no layer reaction can be appUed to cr^^^^^'^\ 

Since the sequence of the ai is ultimately periodic with period p, there are 
p different kinds of triangles that start from (Tq, depending on the state of the 
cells at the top layer. Therefore we now define terms for the triangle sides and 
comers that are indexed hy i G {0,. . .,p— 1} such that e. g. ai+ belongs to 
the triangle ending in state Cig+i: 

ai+ = s+{0,io + i), ai- = S-{0,io + i), (28) 

Xi+ = s+{iQ + i,p), Xi- = S-{io + i,p) (29) 

The reactions for them are 

CTo ^ az+%+i 'ai_, (30) 

n , n—c(io+i,p) n—c(io,p) /t i \ 

For (3 1) we have used that (<Jj) j>o is ultimately periodic with period p: This 
means that (Tio+i+p = ^io+i ^ind c(io +i,p) = c{ia,p). 

Since c(io,p) > - this is condition (22) - we can write n — kc{io,p)+ko 
with k >0 and < fco < c{io,p). Therefore reaction (31) can be iterated at 
most k times. The resulting reaction is 

kc{io,p)+ko k ko k 

We now set m = c{io,p) to stay in the terminology of Definition 18. Then 
there are two possibilities: If io = i = we have the triangle reaction type 

l^fcm+fco ^^fc^^fco^fe_. ^> 1| forl<fco<TO (33) 
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Otherwise we use (30) and get 

{ ai+x^+a^°_^iX^_ai- : > } for < fco < m (34) 

with fci = fco + c(0, io + i). □ 
2.9 Triangle systems 

In this section the triangle reactions, which were found in the slow reaction 
system $, are supplemented by other reactions to create a new system, 0, 
which is based on triangles and in which all reactions consists of families 
which involve an arbitrarily large number of cells. 

The triangle reactions create "valleys" between the triangles, structures of 
the following form: 

Definition 26 (Valley). Let S be a set of situations and s € S. If there is a 
decomposition 

s = soy-fy+si (35) 

with So, si £ S, u- G S- \ So, f & So and y+ G S+\ So, then we say that 
s has the valley y-fy+. The number 6{soy-)t is the level of the valley. 

The following lemma shows that valleys are quite common. This means 
that it should be enough to extend triangle reactions with reactions that start 
from valleys to get a working reaction system. 

Lemma 27. Let S be a set of situations and s G S \ S-^-S-. Then s has a 
valley. 

Proof. If s ^ S+S- it must have one or more factorisations s = soy-f'y'^s[ 
with So. /'> s[ G S,y- G S- \ So, y'^ G S+\ So- Choose among these fac- 
torisations one for which S{soy-)L is minimal. (It exists because s is finite.) 
Then /' must begin with an element of 5+. So we can find a factorisation 
/' = fy+gwithf G So, y+ G S+\Soandg G S+. Now we set si = gy'+s[; 
the result is (35). □ 

The following definition shows such a system. It contains additional con- 
ditions to the reactions to make sure that two kinds of reactions are actually 
enough. 

Definition 28 (Reaction system with triangles). Let X and Y be two disjoint 
sets of situations with X = Xo,* \ ^Y, and let Z C Y be a set of situations 
with S{z-)t > for every z- G Z-. 

* This cryptic equation is a way to express that Go = X* in the resulting reaction system. 
We will also have &- = Y* and e+ = Y*. 
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1. Connection identities. Assume that for alia- € Y- anda+ G y+ there 
is one equation 

a- = a'_Z- or a+ = z+a'_^_ (36) 
with a'_ G F_ U {A}, a+ e 1+ U {A}, Z- G Z_ and z+ e Z+. 

2. Assume that there are the following two types of generator reactions: 

(a) Triangle reactions. For every x G X a family of reactions 

^km+k^ _^ a^y^hy'La- k>0, (37) 

with X G X,b G X*, a+, y+ e 1+ and a_, t/_ G F_. 
Define the set F as those elements of X to which none of the 
reactions in (37) can be applied. The elements of F are called 
fusion terms. 

(b) Fusion reactions. For all Z- G f G F and z+ G Z+ one 
reaction 

z-fz+ ^ g (38) 

with g G X*. 
These reactions form the set G@. 

3. Shielding conditions. Assume that the following condition are valid, 
both as written and with left and right reversed: 

(a) If there is a fusion reaction z^J 7:^ gx, and the triangle reac- 
tion for base x has comer z+ and side term then z+ ^ y+. 

(b) If there is a fusion reaction z^fz^ — >■ gx and an G Y+ so 
that z+a+ 6 1+, then there is no triangle reaction with base x 
and corner a+. 

4. Define the set R@ as the subset of {X L)Y)* which does not contain 
any term xa+ or a-xfrom any triangle reaction (37) as factor 

The reaction system (6, — >e) = {X*, -Re; Ge) is called a simple triangle 
system 

As a result of the restrictions in R@ the triangle reactions must always 
applied fully. A reaction like a+y'^~^by'^~^a-x"^ would result 

in a situation that is no element of Q. The shielding conditions ensure that no 
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term .xa+ or a_.T can occur as the result of a reaction. The advantage of such 
restrictions is that we then need no reactions that extend triangles later. 

Simple triangle systems have a complete set of reactions, in terms of the 
following theorem: 

Theorem 29 (Completeness of triangle systems). Let (O, — >^e) be a simple 
triangle system and s G 0. 

Then there is either a reaction s -^q x+X- with x+ e and X- € 0_ 
or there is for every t > a reaction s s' such that all valleys in s' are 
at a level greater than t. 

Proof. In this proof we extend the notion of "level" to all elements of O: if 
there is a decomposition s = soysi, then the level of y in s is 5(so?7-)<, 

First assume that v = y-fy-^ is a valley in s at level t. If we apply a 
triangle reaction to /, then the elements of 6 _ it can create are at a level of 
at least t. If / is a fusion sequence and we apply a fusion reaction to v, then 
the resulting term must be at a higher level than t. 

Let now s be any element of 6 \ 0+6+. It must have valleys. Let the 
minimal level of the valleys in s be fo. If we find all valleys at level to in s 
and first apply all possible triangle reactions to them and then fusion reactions 
to the resulting valleys, then all elements of 8_ created this way must be at a 
higher level than to- All valleys in the reaction product must have been there 
before or contain an 9_ term created in the reaction. If there are valleys in 
the reaction result, they must therefore occur at a higher level than tf). 

So for every s € 6 \ 6+6+ there is a reaction s -^q s' such that either 
s' contains valleys and their level is strictly higher than the minimal level of 
the valleys in s, or that s' e 0+6_ . In the first case we can find a reaction of 
the same type starting from s'. If we repeat this, we either arrive at situations 
of arbitrarily high minimal level, or stop at an element of 6+6_. □ 

3 RULE 54 

"Rule 54" is the common name - following the naming convention of Stephen 
Wolfram [3] - of a one-dimensional cellular automaton with two states and a 
three-cell neighbourhood. 

3.1 Basic properties 

Rule 54 has S = {0, 1}, r = 1 and 




otherwise. 



1 for s e {001,100,010,101}, 



(39) 
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eooo -)• oeoo 


oooa 


) ooeo 


eooi ^ leoi 


lOOS 


) loei 


eoio leio 


oloa 


) oiei 


eon ^ ooei 


nog 


) leoo 


eio ^ leo 


Ola 


) ^ oei 


en ^ oei 


iia 


) -> leo 


00 ^ ooeeoo 


eooa 


) ^ A 


01 ^ oieeoi 


eia 


)^[-i] 


10 loeeio 






11 iieeii 







Shortcuts eolo ileo oloe -)■ oeii 



01 ^ oeieoi 

10 loeieo 

11 leiiei 



Table 1 

Generator reactions for the slow reaction system for Rule 54. 



A simple way to memorise this rule is to express it as 

'V(s) = 1 if s contains at least one 1, except if the ones touch 
each other (as in Oil)." 

Note that (p is symmetric under the interchange of left and right. 

3.2 Slow reaction system 

Table 1 shows the most important generator reactions from G{ip) for Rule 54. 
Not all reactions from (llf) and (llg) are shown, only those with minimal 
value of k. Thus we have ell Oel (which is derived from (^(110) = 
(p(lll) = 0) but not ellO OelO. The shorter reactions can now be 
applied on the results of some others: eOlO lelO, a reaction of G4, is 
then extended by elO IQO to eOlO lleO. There is a hst of such 
reactions at the bottom of the table. 

3.3 Triangle reaction system 

Next we derive the triangles and the simple triangle reaction system 6 for 
Rule 54. 
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(a) Triangle (b) Reaction l'^ 10(020)^0(902)301 



Figure 2 

Triangles and triangle reactions. 



Rule 54, as a symmetrical rule, has cl = cr. For it, the values of the 
contraction parameters and the resulting reactions are 

cl(0) = cr(0) = 1, ©000 -)■ 0000, 0000 0000, 

(40) 

cl(1) = cr(1) = 0, 011-^001, 110^-100. 

Therefore we have a (0, 0)-layer and a (1, 0)-layer, namely 

{ O'' ^ 02©0'=-2e02 : fc > 3}, 

" (41) 
{l'=^l0O'=el ■.k>2}. 

They cause the following triangle reaction types, 

I Q2k+ko ^ (o2©)fco'=« (00^)'= : > 1 } for fco e {1, 2}, 

{ l2'=+'=i ^ l©(02®)'=0*^^ (0O2)'=01 : fc > } for fci e {2, 3}. ^^^^ 

Since the side terms of the triangles will occur often, we use abbreviations for 
them, namely 

e_ = 00^, e+ = 0^0, a- = 01, o+ = 10 . (43) 

Figure 3 shows diagrams for them and for other situations that have a special 
name. 

With the abbreviations (42) becomes 

{ O^'^+'^o ^ e^0'=°e'= : > 1 } f or fco G {1, 2}, 
{ l^'^+'^i a+e^0'=^e^a_ : fc > } for fci e {2, 3} . 

Therefore we have X = {0, 1}, Y = {e+, a+, e_, a_} and Z = Y. The set 
Rq contains all the situations that do not contain e_0, Oe_|_, a_l or la+ as 
subsequences. 
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^nn 1 e_ = e_0l: < 

£-=000: < W- = 6-1: < _ nj 

nn> rrm > Tl> 



e+ = 000: <□□ w+ = le+: <miB e+ = l0e+: <P 

fifo = e+e+0e_e_: -9^^^> 5e = e+e+0^e_e_: <^^^^» 



Figure 3 

Useful situations in Rule 54. Next to the algebraic expression for a situation s is a 
diagram for tts, together with markers < for the point (0, —1) and > for S{s). They 
show the points where the other factors end or begin if s is factor in a larger product. 
Cells in the states and 1 appear as □ and ■. 



The set F of all fusion sequences for contains all elements of S* that do 
not have the minimal triangle bases 0^ or P as factor. Then if f G F, 

0/0^. (45) 

One can see that by noticing that every 3 -cell neighbourhood in an end se- 
quence for Rule 54 must be 001, 010, 100 or 101; and for all of them the 
value of the transition rule is 1 . 
With this we get 

e_/e+^ll/'+2 |/|>1, oVo'eF, (46a) 

e_/a+^ll^l+i |/|>0, OVleF, (46b) 

a_/e+^ll^l+i |/|>0, l/O^GF, (46c) 

a_/a+ ^ll/l |/|>1, 1/1 eF. (46d) 

These are all possible fusion reactions. 

We must check whether the shielding conditions are true for them. For the 
first condition we notice that all fusion reactions are of the form 
l'^, so we need to check whether the triangle reaction with base term 1 has 
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Slalcs: 


0.1. (_.(^ 


("/+ 




SilLialions: 


No subsequences ( _ 


-0, ()(+, (/_!, + . 


Triangles: 


g2fc+fco _^ 




fc > 1, fco e {1,2} 








f*ia_ A: > 0, A:i e {2,3} 


Fusion reactions: 


e-/e+ ^ 


II/I+2 


02/0^ G i^, I/I > 1 




e_/a+ 


ll/l+i 


oVieF, |/|>o 




a_/e+ 


ll/l+i 


1/02 e F, I/I > 




a_/a+ 


ll/l 


1/1 eF, |/|>i 



Table 2 

The simple triangle reaction system for Rule 54. F is the set of fusion sequences, as 
defined in the text. 



different corner and side terms. It has the corner a+ and the side term e+, so 
the condition is fulfilled for the left side. Since the rule is symmetric, it is also 
true for the right side. The second condition is true because no product of an 
element of Z and an element of Y is an element of Y. 

Therefore the resulting reaction system is a simple triangle system. It is 
Usted in Table 2. 

3.4 Ether and gliders 

Now we will use the new reaction system to look at some phenomena that 
occur under Rule 54. The first of them is the ether, a robust background 
pattern. It consists at alternating time steps of either the cell sequence 01'' or 
10^ infinitely repeated. (To verify the reactions in this section Table 3 may be 
helpful.) 

A formula for the ether can be derived from the 01^ generation: We have 

01^ Oa+e+Oe_a_, (47) 

so we introduce the names 

e_ = e_a_, e+ = e+a+ . (48) 
Then we get (see Figure 4) 

Oe_Oe+ Oe+Oe_, (49) 
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e_le+ ^ e+Oe_ 

e_Oe+ ^ e+Oe_ 
e_10e+ ^ l3e+ 
e_10e+ l3e+ 
e_101e+ ^ 1^ 
e_102le+ ^ 1^ 



e_e+ — >■ If- 
W-e+ — >■ e+Oe_ 
e_w+ — >■ e+Oe_ 

■u;_Oe+ l^e+ 



Table 3 

Reactions that are useful in Section 3.4. Most of them are special cases of Table 2 or 
derived from them. 




e_Oe+0 e+Oe_0 



Figure 4 

How the ether reaction fits into the development if the ether. The cells that belong to 
the reaction are marked. 



which leads together with (47) to 

(Ol^)*^ (Oe+)'=(Oe_)'= fc > 0, (50) 

a very simple triangle reaction. This is in contrast to the other possible starting 
point, 10^, where one gets 

(10^)'= le+(0e+)'=(0e_)*=e_l fc > 1, (51) 

a more complicated triangle reaction, in which also the components of the 
other ether phase, e_ and e+, reappear. The reaction system selects thus one 
of the phases of the ether as more natural than the other, which is a helpful 
simphfication. 
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There is a reaction for e_ and e+ that is similar to (49), 

e_e+ ^ e+e_ . (52) 

Both are background reactions of the form 

b-b+ -^b+b-. (53) 

This reaction can easily be iterated to — ?■ 6^ 6^1, which describes the 
evolution of a large piece of a periodic background pattern. 

There are three kinds of long-lived structures that are described in [1] in 
some detail. There they are called particles, now usually gliders. There is one 
moving particle w, which appears as tu and wt, depending on the direction 
in which it moves, and the "odd" and "even gutter" Qo and ge, which are 
immobile. 

The w particle "may be generated by three O's followed by three 1 's or the 
converse" [1, p. 870]. We try this now and get 

0^1^ e+0e_e+0e_ e+0 le+ Oe- . (54) 

In it we can recognise Oe_ as a part of the ether and e+0 as a part of the ether 
in the wrong phase (as in (49) and (51)), so the rest must be the w particle. 
Therefore we define 

w- = e_l, w+ = le+ . (55) 

These definitions must be verified: We must show that w actually moves 
through the ether. But we have 

W-Oe+0 = e_10e+0 l^e+O e+Oe_e+0 e+0e_10 = e+Ow-0, 

(56) 

which shows how w_ is destroyed and reappears at the right of its previ- 
ous position (Figure 5). W- is therefore stable and corresponds to the right- 
moving glider wt^ of [1]. 

The two innmobile gUders, Qe and Qo, are in fact small triangles, as can be 
seen from the pictures in [1]. It turns out that the right definitions for them 
are 

Qo = e+e+Oe-e-, = e+e+0^e_e_ . (57) 

The verification that they actually behave hke ghders is straightforward (Fig- 
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5^ 

Figure 5 

A ttt glider moving on an ether background. The w_ part is emphasised, 
ure 6), 

e-OgoOe+0 = e_0e+e+0e_e_0e+0 
e+0 e_e+Oe_e+0 e_0 
e+0 w-Ow+0 e_0 
e+0 1^0 e_0 

e+0 e+e+Oe_e_0 e_0 = e+OffoOe-O, (58) 
e-OffeOe+O = e-Oe+e+O^e-e-Oe+O 
e+O e_e+0^e_e+0 e_0 
e+0 e_0 
e+0 1^0 e_0 

e+0 e+e+O^e-e-O e_0 = e+0 geO e_0, (59) 

but the appearance of the w gUders in the process is a bit surprising. It sug- 
gests the interpretation that the gHders go and decay into two w gHders, 
which then collide and create its next incarnation. With flexible time the ghd- 
ers suddenly have an internal structure. 

The three glider reactions (56), (58) and (59) have again a common struc- 
ture, which can be described by the glider condition 

btghl^b^gbt. (60) 

Here 6_ and 6+ form a background pattern as in (53) and g is the glider. The 
number {i — k)/{i+ k) is a measure for the speed of the glider. 

We have now already touched the creation of other gliders by the w gliders. 
Of the two syntheses found in the behaviour of the g particles, the first one, 

w-0w+ go, (61) 
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e-O^oOe+O e+Ow-Ow+Oe-0 -)• e+OgoOe_0. 




e_05eOe+0 — > e+0ii;_e_e+w+0e_0 — >■ e+0(/eOe_0. 



Figure 6 

Evolution of the go and ge gliders, together with the intermediate states where the w 
gliders appear. 



is more important because here the w gliders are at the right distance to have 
been part of the ether before. Such a ghder synthesis has been aheady noticed 
in [1], but here it occurs as a corollary of a previous analysis. 
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